We note that the lines l 1 : y = x and l 2 : y + x = p are lines of symmetry of H p . In this note we use these two symmetries to prove the following basic fact about quadratic residues. Theorem 1. Let p > 2 be prime. Then −1 is a quadratic residue modulo p if and only if p ≡ 1 (mod 4).
Before giving the proof we make a couple of remarks. A condensed version of the proof appeared some years ago in [2, Theorem 1] . In this paper the authors studied the set of distances |x−y| where (x, y) ∈ H p . We instead work with the standard Euclidean distance in the plane. The only algebraic result that we need is Lagrange's theorem that a polynomial of degree d has at most d zeros modulo p. We do not need to invoke algebraic results such as Euler's criterion for an element to be a quadratic residue, Wilson's theorem, or the existence of primitive roots.
Proof. Let C 1 , C 2 , . . . , C t be a sequence of nested circles of decreasing radii each with center (p/2, p/2) such that for k = 1, . . . , t,
As an illustration we include the picture for p = 29. We now note the following:
This follows by observing that every point (x, y) ∈ (C k ∩ H p ) has three other distinct counterparts (y, x), (p − x, p − y) and
. (Indeed we have the stronger assertion that # C k ∩ H p = 4. See the addendum. However this stronger assertion is not needed for the proof.) (ii) Any point in l 1 ∩ H p gives a solution to the congruence x 2 = 1 (mod p). This congruence has exactly 2 solutions: 1 and p − 1, and consequently
Similarly, if l 2 ∩ H p = ∅, then we get 2 solutions to the congruence x 2 = −1 (mod p): i p and p − i p , and consequently
Thus there are at most 2 C k 's such that #(C k ∩ H p ) ≡ 2 (mod 4). If p ≡ 1 (mod 4), then by looking at the left-hand side of (1) we infer that there must be a C k , with k ≥ 2, such that #(C k ∩ H p ) ≡ 2 (mod 4). Therefore (l 2 ∩ C k ∩ H p ) = ∅, and consequently −1 is a quadratic residue. If p ≡ 3 (mod 4), then aside from C 1 , all of the C k 's satisfy the congruence #(C k ∩ H p ) ≡ 0 (mod 4). Hence (l 2 ∩ H p ) = ∅, so −1 is not a quadratic residue.
On multiplying the equation of C by 4 and then making the change of variable X = 2x−p, Y = 2y−p, we obtain the equation X 2 + Y 2 = 4r 2 . Now multiplying both sides by X 2 and invoking the fact that XY = 4 (mod p) we obtain the congruence X 4 − 4r 2 X 2 + 4 = 0 (mod p). By Lagrange's theorem, the number of solutions of this congruence is less than or equal to 4.
